ISOTOPY CLASSES OF IMBEDDINGS

BY
C. W. PATTY

1. Introduction. The deleted product space X* of a space X is Xx X—A, If
X is a finite polyhedron, let

P(X*) = |U{ox 7| oand 7 are simplexes of Xand o N 7 = g}.

Hu [3] has shown that X* and P(X*) are homotopically equivalent. In [4], the
author has shown that if Y is a triod, then P(Y*) is a circle, and that up to homeo-
morphism the triod is the only tree (finite, contractible, 1-dimensional polyhedron)
with this property. It is also shown in [4] that if X is a tree, then H,(X*, Z) where
Z is the integers, is a free abelian group. T. R. Brahana suggested to the author
that if X is a tree, then there might be a connection between the number of genera-
tors of H,(X*, Z) and the number of isotopy classes of imbeddings of the triod in
X and that we might be able to extend this to higher dimensions.

In §2, we obtain a formula for computing the number of isotopy classes of
imbeddings of the triod in a tree and show that there is a definite relation between
this number and the 1-dimensional Betti number of the deleted product of the tree.

We show that up to homeomorphism there are at least two finite, contractible,
2-dimensional polyhedra, C and 6, which have the property that P(C*) and P(6*)
are homeomorphic to the 2-sphere. There is at least one more finite, contractible,
2-dimensional polyhedron A whose deleted product has the homotopy type of the
2-sphere. However C can be imbedded in both 8 and A, and in §4, we prove a col-
lection of theorems which give a combinatorial method for computing the number
of isotopy classes of imbeddings of C in a finite, contractible, 2-dimensional
polyhedron.

The connection between the number of isotopy classes of imbeddings of C in a
finite, contractible, 2-dimensional polyhedron X and the 2-dimensional Betti
number of the deleted product of X is to be investigated in a forthcoming paper.

2. Imbedding the triod. Throughout this section, let Y denote a triod, let y,
denote the vertex of Y of order 3, and let X denote a tree which is not an arc.

Gottlieb [2] defined a branch point as follows: Let S be a pathwise connected
space. A point x of S is a branch point of S if S—{x} has at least three path-compo-
nents.

THEOREM 1. If f: Y — X is an imbedding, then f(y,) is a branch point of X and
S(Y—{y,)) intersects exactly three path-components of X —{f(y,)}.
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Proof. Let P;, P,, and P; denote the three path-components of ¥Y—{y,}, and
let Q; (i=1, 2, 3) denote the path-component of X—{f(y,)} which contains f(P,).
Suppose Q;=Q; for some i#j. Let p, € f(P;) and p, € f(P;). Then there exists a
homeomorphism A: I — X —{f(y,)} such that h(0)=p, and h(1)=p,. Now there
exists a homeomorphism g: 7 — Y such that g(0)=/f"(p,) and g(1)=f"*(p,).
Since g(t)=y, for some t € I, f(g(I)) Y h(I) contains a simple closed curve. This
contradicts the fact that X is a tree.

THEOREM 2. If f: Y — X is an imbedding and H: Y xI— X is an isotopy such
that H(y,0)=f(y) for all ye Y, then H(y,, t)=f(y,) for all te L

Proof. Define a path o: I — X by o(t)=H(y,, t). Suppose there exists te [
such that o(2) #f(y,). Then there exists ¢, € I such that o(¢,) is not a vertex of X.
Thus H(yo, t;)=o0(t;) is not a branch point of X. But A, :Y — X defined by
h ( y)=H(y, t,) is an imbedding. Therefore, by Theorem 1, h:,(yo) is a branch
point.

THEOREM 3. If f, g: Y — X are imbeddings, then f is isotopic to g if and only if
f(yo)=g(»o) and, for each path-component P of Y—{y.}, f(P) and g(P) are con-
tained in the same path-component of X —{f(y,)}.

Proof. Suppose there exists an isotopy H: Y xI — X such that H(y, 0)=f(»)
and H(y, 1)=g(y) for each y € Y. Then f(y,)=g(y,) by Theorem 2. Suppose there
exist a path-component P of Y—{y,} and path-components Q;, and Q, of
X—{f(yo)} such that Q,# Q., f(P)<Q,, and g(P)< Q,. Let y, € P. Define a
path o: I — X by o(t)=H(y;, t). Then ¢(0)=f(y,) € O, and o(l)=g(y,) € Q,.
Since Q, and Q, are path-components of X—{f(y,)} and Q;# Qs, o(t,)=f(yo)
for some ¢, € I. Now h,: Y — X defined by A, (y)=H(y, t,) is an imbedding. But
h, (y1)=H(yy, ty)=0(t1)=f(yo), and h, (yo)=H(yo, t)=f(yo). Thus we have a
contradiction.

If f(¥0) =g(»0), and, for each path-component P of Y—{y,}, f(P) and g(P) are
contained in the same path-component of X—{f(»,)}, then it is clear that f is
isotopic to g.

THEOREM 4. If m is the order of a vertex of maximum order in X, and, for each
Jj=3,4,...,m,p, is the number of vertices of order j, then the number of isotopy
classes of imbeddings of Y in X is 2] 3 j(j— 1)(j—2)p;.

Proof. Let p be the number of vertices of X of order =3, and foreachi=1, 2,...,
p, let n; be the order of the ith vertex. Then it follows from Theorems 1, 2, and 3
that the number of isotopy classes of imbeddings of Y in Xis >?-, n(n,— 1)(n,—2).
But 37y ny(m— 1)(n,—2) =375 j(j— D(j—2)p;.

THEOREM 5. If m is the order of a vertex of maximum order in X, and, for each
Jj=3,4,...,m,p; is the number of vertices of order j, then H(X*, Z) is the free
abelian group on Y7-3 [(j—2)(j—1)p;]1—1 generators.
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Proof. Let p be the number of vertices of X of order =3, and for each i=1, 2,
..., D, let n; be the order of the ith vertex. By Theorem 3.4 of [5], H,(X*, Z) is
the free abelian group on 7., [(m—1)2—(n,—1)]—1 generators. But

2 [ — 17— (= 1)] =1 = 12 (G- DG—2)p1 1.

Thus, by comparing the formulas in Theorems 4 and 5, we see that there is a
definite relation between the number of isotopy classes of imbeddings of Y in X
and the 1-dimensional homology group of the deleted product of X.

3. The 2-dimensional analog of the triod. For each i=1,2,3, let o, be a
2-simplex, and let r be a 1-simplex. Throughout the remainder of this paper, let C
denote the polyhedron, consisting of these simplexes and their faces, which satisfies
the following conditions:

(1) r is not a face of o; for any i,

(2) there is a vertex ¢, which is a vertex of r and of o, for each i,

(3) for each i<j, o; N oy is a 1-simplex r;;, and

(4) rij#ryy unless i=k and j=m.

The polyhedron C is a cone with a *“sticker” attached to its vertex c,. We will
continue to let r denote the l-simplex described above. Also we will denote
C—r U {co} by D. Note that D is a disk.

THEOREM 6. The polyhedron P(C*) is homeomorphic to the 2-sphere.

Proof. For each i=1, 2, 3, let r; denote the 1-face of o; which does not have ¢,
as a vertex. For each i <j, let ¢,; denote the other vertex of r,;, and let ¢ denote the
other vertex of r. The polyhedron P(C*) consists of the following 2-cells and their
faces:

03 X Cag €13 X 03 FigX I3 rgXr
g X¢C C13 X 0y rigXrg r3Xrig
gy X €13 Ca3 X 0y rogXry rgxr

aaX ¢ cXoy ry X rag rxry
03X C1g cXo, raXr rxry
a3X ¢ cX oy rgXris rxrg

The proof now consists of only routine verifications, and hence it is omitted.
For each i=1, 2, 3, let =, be a 2-simplex, and suppose there is a 1-simplex s
which is a face of =, for each i. Let ¥ and v denote the vertices of s, and for each i,
let 4; denote the vertex of =; which is different from u and v. Also for each i, denote
the 1-faces of , different from s by s,; and s;; so that s;; N 55, % & #8;2 N 555 but
83 N s;3= @ for i#j. Let 6 denote the polyhedron consisting of these simplexes.

THEOREM 7. The polyhedron P(0*) is homeomorphic to the 2-sphere.
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Proof. The polyhedron P(6*) consists of the following 2-cells and their faces:

Ty X Uy Uy X Ty S11 X Sag Sag X 811
Ty XUz Uy X713 S11 X S32 Sag X $31
Te XU Ug X Ty §13 X 8g1 831 X 813
To X Uz Uag X T3 812 X 831 8§31 X Sa2
T3 XUy U3 X Ty S21 X 812 S32 X 8§11
T3 X Uy Uz X Ty S21 X 8§32 S3g X S21

Again the proof now consists of only routine verifications.

Suppose we add a 2-simplex o, to the polyhedron C so that r and r,, are faces
of a4. Let r, denote the remaining 1-face of o4, and let A denote the polyhedron
obtained in this manner.

THEOREM 8. The polyhedron P(A*) has the homotopy type of the 2-sphere.
Proof. The polyhedron P(A*) consists of the following cells and their faces:

o3 XTIy oy XcC cXoy ryxr
04 XT3 02 X Cy3 CX 0oy rgXrig
ryXog 0y XC rigXrg roXxr
rgxog C13 X 03 rggXry rxry
01 X Cag’ Ca3 X 03 ry Xrog rxrqg

It is now a routine matter to verify that P(A*) is homotopically equivalent to the
2-sphere.
It is clear that C can be imbedded in both 6 and A.

4. Imbedding C. Throughout this section, let X denote a finite, contractible,
2-dimensional polyhedron.

DEFINITION 1. A point x € X is called a c-point of X if there exist 2-simplexes,
T1s Tg, - . .5 Tn, Of X and a simplex = of X such that:

(1) = is not a face of =; for any i,

(2) xis a vertex of = and of ; for each i,

(3) 7, N 7, is a 1-simplex s,,

(4) foreachi=1,2,...,n—1, 7, 7;,, is a 1-simplex s;, and

(5) 7 N 7,=x unless i and j satisfy the conditions of either (3) or (4).

Note. By a collection of 2-simplexes satisfying Definition 1, we mean the 2-
simplexes 7,, 7, . . ., Ty, 1.6. We do not include = even though it may be a 2-simplex.

THEOREM 9. If f: C — X is an imbedding, then f(c,) is either a c-point of X or an
interior point of a 1-simplex which is a face of at least three 2-simplexes.

Proof. First suppose f(c,) is not a vertex of X. Then f(c,) is an interior point of
either a 1-simplex or a 2-simplex. Since the interior of C is not homeomorphic to a
subset of an open disk, it is easy to see that f(c,) cannot be either an interior point
of a 2-simplex or an interior point of a 1-simplex which is a face of less than
three 2-simplexes.
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Now suppose f(¢,) is a vertex of X. Since fis an imbedding, there is an arbitrarily
small neighborhood U of f(c,) such that U contains a subset which is homeomorphic
to C. Therefore f(c,) is a c-point.

Notation. If t is a point of a 1-simplex s={x, y>, then there exists a number A
such that 0SA=<1 and t=Ax+(1 = A)y. Let [x, t]={z=px+(1—p)y | ASp =1}

Notation. If P is a locally finite polyhedron and v is a vertex of P, let St(v, P)
denote the open star of v in P.

THEOREM 10. If f: C — X is an imbedding and f(c,) is a c-point of X, then there
exists a unique collection C; of 2-simplexes of X satisfying Definition 1 such that (1)
S(C—r) intersects the interior of every simplex in C; and (2) there exists a neighbor-
hood U of f(co) such that if = is a simplex which is not a face of a simplex of C,,
then f(C—r) Nint(r) N U= &. Moreover there is a point t, in r (t;# c,) such that

SUco, t,) VU {7 | 7€ C={f(co)}-

Proof. Since f is continuous, there is a neighborhood V of ¢, such that
S(V)<=St(f(co), X). Let C’ be a subset of ¥ which is homeomorphic to C, and let

I' = {7 | 7 is a 2-simplex of X and int(r) N f(C'—r) # o}.

Since f(C’) is homeomorphic to C and f(c,) is a vertex, I' contains a collection C,
of 2-simplexes satisfying Definition 1. Suppose there exists a 2-simplex 7€ I'—C;.
LetI"={r | 7eI=CL.IfU{r | re "} n U {r | € C}={f(co)}, then f(C'—r) is
not connected. Therefore there exist 1-simplexes s,, 55, . . ., 5, such that f(c,) is a
vertex of s, for each k and U{r|7eI"}nU{r| e C}=%-, 5. Since
(C'=rcU{r| reT}, f(C'—r)—\Uk-1 s is not connected. Therefore

€ =n=r(Y )

is not connected, and hence p>1. Let K;, K,, ..., K, be the components of
(C'=r)—f~Y(\Up-1 s:), and suppose K, K, ..., K, are ordered so that K; and
K; ., have a common limit point different from ¢,, K, and K; have a common
limit point different from ¢, and f(K;)<={J {7 | = € C;}. Note that no three of the
K;’s can have a common limit point different from c,. Without loss of generality,
we may assume that f(K;)<|J {r | 7€ I'"}. Let p; be a common limit point of K,
and K, such that p, € C’ and p, #¢,. There exists j (1 <j<p) such that f(p,) € s;
—{f(co)}. Since C, satisfies Definition 1, there exists i(3<i<n) such that
SK)=U{r| reC;} and f(K;) and f(K;) have a common limit point ¢, in
s;—{f(co)}. Thus [f(co), q:] N [f(co), f(p1)] contains a point x different from
Sleo). But x €[f(ca), 411 N [f(co), f(p1)] and x#f(co) implies that f~'(x) is a
limit point of K, K,, and K; which is different from c,. Therefore I'=C,.

Now let W be a neighborhood of ¢, such that W< C’, let U’ be a neighborhood
of f(co) which does not intersect f(C— W), and let U=U" N St(f(co), X). Let 7 be
any simplex which is not a face of a simplex of C;. Then f(C'—r) N int(r)= .
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Since W<, f(C—C")<f(C—W). Let x e f(C—r). Then either x € f(C'—r) or
x€f(C-C"). If xef(C'—r), then x ¢ int(7). If x € f(C—C’), then x ¢ U. There-
fore f(C—r)Nnint(r) N U=g

Suppose there is another collection C; of 2-simplexes.of X satisfying Definition
1 and conditions (1) and (2) of the theorem. Then either there is a 2-simplex in
C; which is not in C; or there is a 2-simplex in C; which is not in C;. Suppose 7 is
in C; but not in C;. Then, since 7 is not in C}, there is a neighborhood U of f(c,)
such that f(C—r) N U N int(r)= @. But this contradicts the fact that = is in C;.

If f(r) 0" U {7 | 7€ C;}={f(co)}, then we can take ¢, to be any point of r other
than c,. Suppose f(r) N U {r | 7€ C;}#{f(co)}. Let ¢ be the other vertex of r, let

A={x=pe+(1-pe|0=p<landfeU{r|reCH,

and let A=lub{u | pco+ (1 —p)c € A}. Suppose A=1. There exists a neighborhood
U of f(c,) such that each point of U N |J{r | 7€ C;} is the image of a point of
(C—r) U {co} under f. Since f is continuous, there exists a neighborhood V of ¢,
such that f(V)<U. Since A=1, there is a point ¢’ € r N V such that ¢’#¢, and
f()eU{r| reC}. Thus f(c')e U{r| 7€ C;} N U, and hence f is not one-to-
one. Therefore A< 1. Let X’ be a number such that A<’ <1, and let

t; = Neg+(1=N)e.

Note. If f: C— X is an imbedding such that f(c,) is a c-point of X, then,
throughout this paper, we shall denote by ¢, a point in » which has been chosen so

that t,# ¢, and f([co, t]) N U {7 | 7 € C;}={f(co)}.

DEFINITION 2. If 7 and +’ are simplexes, then we say that = and =’ are joined
by a chain of 2-simplexes if there exists a sequence 7y, 7y, ..., 7, of 2-simplexes
such that:

(1) 7N 7y is a 1-simplex,

(2) 7, n 7' is a 1-simplex, and

(3) for each i, 7, N 7,,, is a 1-simplex.

We say that 7y, 75, ..., 7, is a chain of 2-simplexes joining = and +'.
DEerINITION 3. If f: C — X is an imbedding such that f(c,) is a c-point of X, let

A;={7| 7 is a simplex of X, f(c,) is a vertex of =, either
Seo, ) N (r—={flco)}) # &
or 7 is a face of a simplex s with the property that
Sfeo, D) O (s={f(ca)}) # 2,
and 7 is not a face of a simplex of C;}.

If A, contains a 1-simplex, choose a 1-simplex s, in A,. If A, does not contain a

1-simplex, choose a 2-simplex = in A, and let s, denote the line segment in = from
f(co) to the barycenter of the 1-face of = opposne f(co). In either case the line
segment s, is called a c-line.
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Note. We extend Definition 2 in the obvious way so that we can talk about a
chain of 2-simplexes joining either two c-lines or a c-line and a simplex.

THEOREM 11. Let f, g: C— X be imbeddings such that f(c,)=g(c,) is a c-point
of X. If f is isotopic to g under an isotopy H such that H(c,, t)=f(c,) for each t € I,
then C;=C, and either s;=s, or there exists a chain v, 7o, ..., 7, of 2-simplexes
Joining s; and s, such that f(c,) is a vertex of ; for each i and v, N 7, is not a face
of a simplex of C; for any i.

Proof. Let H: CxI— X be an isotopy such that H(w, 0)=f(w) and H(w, 1)
=g(w) for each we C and H(coy, t)=f(c,) for each tel. For each tel, let
h,: C — X be the imbedding defined by A(w)= H(w, t).

Suppose C;#C,, and let ¢'=lub{t | C,,=C,}. Suppose C,,.=C,. Let {#};>, be a
sequence of points such that ¢, <1, ¢,>¢" for each i, t,>¢,, for each i, and
lim;., , #;=t’. For each i, there exists a 2-simplex », of C, such that =, ¢ Ch,,-
Since C; has only a finite number of simplexes, there is a 2-simplex % such that
ny=n for an infinite number of i’s. Let V' be a neighborhood of (cy, ¢*) such that
H(V')<=St(f(co), X). There exists a connected neighborhood M’ of ¢, and a
neighborhood N’ of ¢’ such that M'xN'<V’. Let ¢;€ M’ N D such that
H(c,, t') € int(n). Let ¥ be any neighborhood of (c;, t'). There exists a neighbor-
hood M of ¢, and a connected neighborhood N of ¢’ such that

MxNc<c Vn(M xN').
There exists i such that 7, € N and n;=7. Since
M’ x{t} = V', HM' x{t;}) < St(f(co), X).

Therefore, since M’ x {t;} is connected, co € M’, and ¢c; e M’ N D, H(cy, t) € Chy,-
Therefore H(V)<¢int(n), and hence H is not continuous. If Cy,, #C;, then t'>0,
and, using essentially the same argument, we can show that H is not continuous.
Therefore C,=C,.

Suppose s,#s,. For each ¢ € I, there exists a neighborhood V, of ¢, and a neigh-
borhood W, of ¢ such that H(V,x W,)<=St(f(co), X). Let Vi x W, , Vi, x Wy, ...,
Vi, x W,, be a finite subcollection of {V,x W, | te I} which covers {c,} xI. Let
V=i-1 V.. There V is a neighborhood of ¢, and H(V x I)<=St(f(co), X). Let
ty e r(ty#co) such that [co, tg]<V, and let ¢, € [co, ty] N [co, 1] N [co, 2,] such
that ¢; #c,.

We assert that there exists a neighborhood N of 1 such that if € N, then ¢,
can be chosen so that

h[co, tn,] N [co, 1)) N U {7 | 7€ 4} —{f(co)} # 2.

First suppose

gEC-ru{fleoP) NU{r|7eC} = 2.
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For each x € &(C—r U {f(c,)}), there exists a neighborhood M, of x and a neigh-
borhood N, of 1 such that HM,xN)N U {r|reC}=a3. Let M, xN,, .
M XNeyy...,. My XN, be a finite subcollection of

{M.xN, | xed(C—rv{flc)})

which covers o(C—r U {f(co)}) x {1}, and let N'=\.; N,,. Then N’ is a neigh-
borhood of 1, and H[(C—r U {f(co))) x NN U{r|re C}=2.If te N’, then
each point of |J {r | 7 € C,} is the image under A, of some point of C—r U {f(c,)}.
Therefore h([co, c1]) N U {7 | 7€ C;}—{f(co)}= @ if t € N'. Thus we may assume
that for teN’, [co, c1]<[co, 1) Let B,={r|f(co) is a vertex of = and
8([co, t,]) N (r—{f(co)})# 2}. Then W= {int(7) | 7 € B,} is an open set such that
glc) e We U {r| 7€ 4,}—{f(c,)}. Therefore there exists a neighborhood N” of
1 such that if 1€ N”, then h(c;) e W. Let N=N'n N". If t € N, then

h[co, 1] O [0 ea]) 0 U {7 | T € A} —{f(co)} # @
because [co, c1]<[co, 7,,] and h(c;) € W. Now suppose
g@C-rV{fleoPD) N U{r|7eC} # 2.
Let
e = d[g(C—r U {flc})) N U{r| 7€ C}, flco)),

where d is a metric for X. Then >0, and by an argument similar to the one above,
there exists a neighborhood N’ of 1 such that if t € N’, then

d[h(C—r Y {f(ca) N U{r| 7€ C}, flco)] > ¢/2.

Let U’ be the e/2-neighborhood of f(c,), and let U=St(f(co), X) N U’. There
exists a neighborhood M of ¢, and neighborhood N” of 1 such that H(M x N")< U.
Let ¢’ € r(c’ #¢o) such that [cy, ¢'I<M N [co, ;). If te N' N N”, then

h([co, D N U {7 | 7€ C;} = {f(co)}-

Thus if te N’ N N”, we may assume that [c,, ¢']<[c,, #,]. Therefore, by an argu-
ment similar to the one above, we can show that there exists a neighborhood N of
1 such that if ¢ € N, then ¢#,, can be chosen so that

hd[co, tn,] N [co, 1)) N U {7 | T€ A} —{f(co)} # 2.

Now we return to the proof of the theorem. There exist 2-simplexes 7y, 73,..., Tp
in X such that H([c,, ¢;]xI) N 7,# @ for each i=1,2,..., m, and

H([co, c1]1x1) = ’Q Ty

Obviously some subcollection of r,, 75, . . ., 7, is a chain joining s, and s,. Suppose
that for each such subcollection 7, 75, ..., 7,, 7, N 7, is a face of a simplex of
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C, for some i=1,2,...,n—1. For each ¢ € I, some subcollection of 7,, 7o, ..., 7,
is a chain joining s, and s;. Let

I' = {t|if 7y, 74, ..., 7, is any subcollection of =,, r,, ..., 7, which is a
chain joining s,, and sy, then =, N 7;,, is a face of some simplex
of C, for some i=1,2,...,n—1},

and let ¢'=glb{t | t € I'}. Suppose ¢'=1. Observe that if p, p’ € 4,, for some ¢,
and p can be joined to s, by a subcollection 7, 75, ..., 7, of 7y, 75, ..., 7, SO that
7N 74, is not a face of C; for any i=1,2,...,n—1, then p’ can be joined to s,
by such a subcollection of =, 75, ..., 7. If

h([co, tr,] N [co, c1]) N U {7 | 7€ A} —{f(co)} # @,

then A,, and 4, have a common simplex and hence each simplex in 4,, can be
joined to s, by a subcollection 4, 79,..., 7, Of 71, 79,..., Tp SO that 7, N 7, is
not a face of C; for any i=1, 2, ..., n—1. Therefore, if t'=1,

h(lco, tn] 0 [co, i) N U {7 | 7€ A} —{f(co)} = &

for each #<1. This contradicts the assertion and hence ¢’ 1. By the assertion,
there exists a neighborhood N of ¢’ such that if ¢ € N, then #,, can be chosen so
that

h[co, tr,] N [co, 1) N U {7 | 7€ Ay, }—{f(co)} # &.

If t e N, then each simplex in A4,, can be joined to s,,. by a subcollection 7, 75,
vevy T Of 74, 79, ..., T, SO that 7, N 7;,, is not a face of C; for any i=1,2,...,
n—1. Since there exist te NN T, ¢t' €. Therefore ¢'>0, and hence there exist
te N such that t<¢’. Thus ¢’ ¢ I'.

The original proof of the following theorem was due to Ross Finney. The
author is also indebted to the referee for suggesting a simpler proof.

THEOREM 12. Let K be a locally finite polyhedron, and let v be a vertex of K. If
h: I — K is a homeomorphism such that h(0)=v, then there exists an isotopy
F: IxI — K such that F(x,0)=h(x) for all xe I, F| Ix{1} is a homeomorphism
of I onto an edge emanating from v, and F(0, t)=v for all t€ I.

Proof. If h(I) ¢ St(v, K), let X be the smallest number in I such that A(X) ¢ St(v,K).
Then H: IxI — K defined by H(x,t)=h(x—tx+1txX) is an isotopy such that
H(x,0)=h(x) for all xe I, H(x, 1)=h(xx) € [St(v, K)]~ for all xel, H(1,1)e
o(St(v, K)), and H(0, t)=v for all ¢ € I. If h(I) = St(v, K), then it is easy to see that
there is an isotopy H: Ix I — K such that H(x, 0)=h(x) for all xe I, H(x, 1) e
[St(v, K)]~ for all x € I, H(x, 1) € &(St(v, K)) if and only if x=1,and H(0, t)=v for
all ¢ € I. Thus we may assume without loss of generality that A(I) <[St(v, K)]~ and
h(x) € (St(v, K)) if and only if x=1. Now define G: Ix I — K by

G(x, t) = xh(1)+ (1 —x)o, t<x=1,
= th(x[t)+(1—-t)y, O0=x<1.
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Then G is an isotopy such that G | Ix {0} is a homeomorphism of I onto a line
segment in [St(v, K)]~ from v to A(1), G(x, 1)=h(x) for all x € I, and G(0, ¢)=v for
alltel

Notation. Let x, be a c-point of X, let C, be a collection of 2-simplexes of X,
and let s, be a c-line of X such that x,, C,, and s, satisfy Definition 1. Let 7 be a
2-simplex of C,, let s; and s, denote the 1-faces of = which have x, as a vertex,
let 55 denote the 1-face of = which does not have x, as a vertex, and let

S = U {s| sis a l-face of a simplex of C,, x, is not a vertex of s, and s is
not a face of 7}.

Using the same notation for the simplexes of C as that used in §3,letp, p’: C—> X
be the homeomorphisms which satisfy the following properties:

(1) p maps r linearly onto s,

(2) p maps ry, linearly onto s,_, for each j=2, 3,

(3) p maps each point of o, into the point of = which has the same barycentric
coordinates,

(4) p maps r, U r; linearly onto S,

(5) if L is a line segment from ¢, to ry U rg, then p maps L linearly onto the
line segment from x, to p(L N (ry U ry)),

(6) p’ maps r linearly onto s,

(7) p’ maps ry; linearly onto s,_, for each j=2, 3,

(8) p’ maps r, linearly onto S,

(9) if L is a line segment from ¢, to r,, then p’ maps L linearly onto the line
segment from x, to p’'(L N ry),

(10) p’ maps r; U r; linearly onto s3, and

(11) if L is a line segment from ¢, to r, U rs, then p’ maps L linearly onto the
line segment from x, to p'(L N (ry Y rg)).

Note. In the remainder of this paper, when we speak of p and p’, we will mean
homeomorphisms satisfying the above conditions. This means that C,=C,. and

Sp=Spr.

THEOREM 13. If f: C— X is an imbedding such that f(c,) is a c-point of X,
C;=C,, and either s;=s, or there exists a chain v, 7, . . ., T, of 2-simplexes joining
s, and s, such that f(c,) is a vertex of =; for each i and v, N\ 7, ., is not a face of a
simplex of C; for any i, then f is isotopic to either p or p’ under an isotopy H such
that H(co, t)=f(c,) for each t € L.

Proof. Since f is continuous, there exists a neighborhood V of ¢, such that
SV)<=St(f(co), X). Let ¢’ er such that c¢'#c¢, and [co, ¢'}J<V, and let
¢ € [co, t]] N [co, ¢'] such that ¢;#c,. There exists A(0=<A<1) such that
c1=Aco+(1—A)c. Let (w,t)e Cx I If wer, there exists p (0Su=1) such that
w=uco+ (1 —u)c. Define K: CxI— X by

K(w, 1) = f(w), ifwe D,
= f((u+ A —t\w)co+ (1 —p— At +thw)c), ifwer.
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Then K is an isotopy, K(w, 0)=f(w), and K; is an imbedding of C into X such that
Ki(r) = (St(f(co), X)— U {7 | 7€ C;}) U {f(co)} and Ky(w)=f(w) for all w e D.
There exists a positive number S such that if

D' ={x|xeU{r| e C;}and d(f(co), x) < S},

then D’'<(int(f(D))) U U{r| 7€ C;}. Then f~(D’)<int(D). Let A, be the
annulus bounded by f~*(@D’) and oD, and let k, be a homeomorphism of 4, onto
the annulus {z | 3<|z| £4} in the plane which sends f~1(9D’) onto {z | |z| =3}.
Let D" be a disk with center at ¢, such that D" <int(f~%(D’)), and let 4, be the
annulus bounded by 9D” and f~1(9D’). Let k, be a homeomorphism of A, onto
the annulus {z | 1 £|z| £2} in the plane which sends D" onto {z | |z| =1}. Define
ks mapping D" onto the disk {z | |z| =1} in the plane as follows: ks(co) is the
origin, ks(w)=ky(w) if w e D", and if L is a line segment from ¢, to D", then k,
maps L linearly onto the line segment from the origin to k(L N @D"). Then
ky: f-YD’) — E? defined by k,(w)=ko(w), if we f~1(D")— D", and k,(w)=ks(w),
if we D", is a homeomorphism of f~!(D’) onto the disk {z | |z|£2}. Define
ks: {z| |z]| =2} > {z | |z| £3} by ks of the origin is the origin, ks(z)=k,(k5 *(2)),
if |z] =2, and if L is a line segment from the origin to {z | |z| =2}, then ks maps L
linearly onto the line segment from the origin to ks(L N {z | |z|=2}). Then
k: D—{z | |z| £4} defined by k(z)=k,(2), if z€ D—f~Y(D’), and k(z)=ksk,(2),
if z e f~1(D’), is a homeomorphism which sends @D onto {z | |z| =4} and f~%(9D’)
onto{z | |z| =3}and maps ¢, into the origin. Define G: {z | |z| <4} x[—{z | |z] =4}
by G(z, t)=z—1tz/4. Define F: DxI— X by F(w, t)=fk~'G(k(w), t). Then F is
an isotopy, F(w, 0)=f(w), and F(w, 1) € D'. Since F(c,o, t)=f(c,) for all t € I, we
can extend F to an isotopy F*: CxI— X by defining F*(w, t)=K,(w) for all
w e r. Then F*(w, 0)=K,(w) for all we C, and F§¥ is an imbedding of C into X
such that F¥(D)=D'".

Let we D—{co}, and let L, be the line segment from ¢, to @D which passes
through w. Then F¥(L, N éD) e oD'. Let L, be the line segment from f(c,) to
o(\J {r | € C,;}) which passes through F}¥(L, N 9D), and let

a=Lyno(J{r|reCy).
Let e be a metric for C, and let ¢ be the e radius of D. Define J: CxI— X by
Jw, t) = Ky(w), ifwer,
J(w, t)=F¢ (the point on L, whose distance from ¢, is 2e(w, ¢o)/(2—1)),

if we D and e(w, ¢p) < «(2—-1)/2,
and

J(w, t) = [(2e(w, co) —2e+et)[ela+ [(3e— et — 2e(w, co))/e]FF(Ly N oD),
if we D and e(w, ¢o) = «(2—1)/2.
Then J is an isotopy, J(w, 0)=F¥(w), if we D, and J;(D)=U {7 | T € C;}.
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It is clear that there exists an isotopy M*: 9D xI — o(\J {r | = € C;}) such that
M*(w, 0)=J,(w) and M is either p | 9D or p’ | 0D. Also it is clear that this isotopy
can be extended to an isotopy M': DxI— |J{r | 7 € C;} such that My=J, and
M'(co, t)=f(co). Then we can extend M’ to an isotopy

M: CxI— J{r|7eCs} U f([co, c1])

by defining M(w, t)=K,(w) for all we r. Now by Alexander’s Theorem [1], M;
is isotopic to either p | D or p’ | D under an isotopy N’ such that N'(c,, #)= f(c,).
Again N’ can be extended to an isotopy N: CxI— \J{r| 7€ C;} U f([co, 1))
by defining N(w, t)=K,(w) for all we r.

The desired result now follows immediately from Theorem 12.

THEOREM 14. Let f: C — X be an imbedding such that f(c,) is a c-point of X.
If F: CxI— X is an isotopy such that F(w,0)=f(w) for each we C and

t' = glb{t | F(co, t) # f(co)}

then there exists a neighborhood V of t’ such that F(co, t) € \J {7 | 7 € C,} whenever
teV.

Proof. Suppose that for each neighborhood R of ¢’, there exists ¢ € R such that
F(co, t) ¢ U {7 | 7€ C;}. Observe that F(c,, t")=f(co). Let ¥’ be a neighborhood
of (co, t') such that F(V')=St(f(co), X). There exists a connected neighborhood
M’ of ¢, and a neighborhood N’ of ¢’ such that M'xN'<V'. Let c,e M’ N D
such that ¢, #¢,. Then F(c;, t') eint(|J {7 | 7 € C,}). Let V be any neighborhood
of (¢;, t'). There exists a neighborhood M of ¢; and a connected neighborhood N
of t' such that Mx NV n(M'x N'). There exists t; € N such that

Fleo, )¢ U{r| 7€ C}.
Since
M'x{t;} < V', FM' x{t;}) < St(f(co), X).

Let X’ be a subdivision of X such that F(c,, t,) is a c-point of X’, and let
fi,=F| Cx{t;}. Since M'x{t,} is connected, c,€ M’, and

€M’ N D, Fley, t)ein(U {r | 7€ C,, }).

Therefore F(V)¢int(|J {7 | 7€ C,}), and hence F is not continuous.

DEerFINITION 4. If f, g: C— X are imbeddings such that f(c,) and g(c,) are
c-points of X, then we say that f(C) and g(C) are combinatorially joined if there
exist a sequence s, S, . . ., 5, of 1-simplexes and three sequences

.t ’ A 2 1 ”
T1» 72,'-"7-0’ Ty T2 -+ 5 Tmy T1y T2, .. .5 Tp

of 2-simplexes such that:
(1) f(co) is a vertex of s, and g(c,) is a vertex of s,
(2) 55N sz, Is a vertex for each B=1,2,...,a—1,
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(3) s, is a face of 7, and s, is a face of 7,

(4) 71 and 7] are simplexes of C; and 7, and 7, are simplexes of C,,

(5) for each i, j, and k, 7, N\ 7,44, 7; N\ 7j4,, and 74 N 74, are p-simplexes
(p=1,2), and

(6) for each B=1,2,..., «, we may choose i(B), j(B), and k(B) such that:

@) j()=1, k(1)=1, j(«)=m, and k(e)=n,

(b) for each B=1,2,...,a—1, i(B+1)>i(B), j(B+1)>j(B), and k(B+1)> k(B),

(©) 7us)» Tis» and Ty, are distinct,

D 7 O Tiwy O Ty =S5

(€) if 7y N Tyg+1) is @ p-simplex (p=1, 2), then 7y441)=Tig+1,

(F) if 7jgy N Tig+1y is @ p-simplex (p=1, 2), then i+ 1,=Ti(p +15

(8) if Ty N Thes+ 1) is @ p-simplex (p=1, 2), then 7i .1 ="Th(g+15

(h) if 75 N 7541, is @ vertex v, then, for each y=i(B)+1,. . ., i(B+1)—1, each
8=j(B),...,j(B+1), and each e=k(B),..., k(B+1), 7, N 15=7, N 75={v},

(i) if 7 N 7ys+1y IS a vertex v, then, for each y=i(B),...,i(B+1), each
8=jB)+1,...,j(B+1)—1, and each e=k(B), ..., k(B+1), 7, N 15=75 N 77={v},

(§) if 7k N Ths+ 1) IS @ vertex v, then for each y=i(B), . . ., i(B+ 1), each §=/(B),
..., j(B+1), and each e=k(B)+1,..., k(B+1)—1, 7, N re=75 N 7.={v},

(k) if i(1)> 1, then, for each i=1,2,...,i(1)—1, 7y N r1=7, N 71={f(c,)}, and

() if i(e)<gq, then, for each i=i(e)+1,...,q9, 7, N =7, N T,={g(co)}.
We say that sy, s,, ..., S, and 7y, 75, . . ., T, combinatorially join f(C) and g(C).

THEOREM 15. Let f, g: C— X be imbeddings such that f(c,) and g(c,) are
c-points of X. If f is isotopic to g under an isotopy H such that H(c,, t)# f(c,) for
some t € I, then f(C) and g(C) are combinatorially joined.

Proof. We may choose 1-simplexes sy, sy, . . ., S, in
{s | sis a 1-simplex and H({c,} x I) N int(s) # o},
2-simplexes 7, 75,..., T, I

{r| 7 is a 2-simplex and for some ¢ € I arbitrarily small
neighborhoods of H(c,, t) intersect H((r—{co}) x{t}) N 7},

and 2-simplexes 73, 7o, ..., Tm) T1, Tay ..., Tn iN

{r| 7 is a 2-simplex and for some e I arbitrarily small
neighborhoods of H(c,, t) intersect H((D—{co}) x ({t}) N 7}

so that they may be ordered in such a way as to satisfy Definition 4.

THEOREM 16. The imbeddings p and p’ are not isotopic.

Proof. Suppose F: CxI—> X is an isotopy between p and p’. If F(co, t)=x,
forall z € I, then F | 9D x I is an isotopy in X —{x,} between p | 9D and p’ | 2D, and
therefore X is not contractible. Hence there exists t € I such that F(c,, t)# X,.
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Now there exists a sequence s, S, . . ., S, of 1-simplexes and three sequences
o /! v, " ” ”
T1s T2y o« «» Tq’ T1s T2 -+« Tmy T1y T2y« « oy Tn

of 2-simplexes which combinatorially join p(C) and p’(C) and which have the
following properties:

(1) int(sg) N F({co} xI)# @ for each B=1,2,...,qa,

(2) for each i, there exists ¢ € I such that arbitrarily small neighborhoods of
F(co, t) intersect F((r—{co}) x{t}) N =,

(3) for each j, there exists ¢/ such that arbitrarily small neighborhoods
of F(cy, t) intersect F((D—{co}) x{t}) N 7}, and

(4) for each k, there exists ¢ € I such that arbitrarily small neighborhoods of
F(co, t) intersect F((D—{co}) x{t}) N 7%.

We will assume throughout the remainder of this proof that F | C x{0}=p and
show that F| Cx{l1}#p’. First suppose that p(c,) is not a vertex of s, for any
B=2,3,...,a—1.1f sy, 5, ..., 5, does not contain a simple closed curve, then it is
easy to see that F| Cx {1} is “essentially” p rather than p’ because the isotopy
has not “flipped” the disk | {7 | 7€ C,}. If 5y, 55, . . ., S, contains a simple closed
curve, then F| Cx {1} is “essentially” either p or a rotation of p rather than p’
because if the isotopy “flips” the disk (J {r | 7 € C,} then s,=s, cannot be a
face of ,. Now if p(c,) is a vertex of s; for some $=2, 3, ..., a—1, then, in order
to determine F | Cx {1}, we examine some finite combination of the possibilities
listed above. But it is obvious that this finite combination will ““essentially” yield
either p or a rotation of p rather than p’. Therefore p is not isotopic to p’.

THEOREM 17. Let f, g: C — X be imbeddings such that f(c,) and g(c,) are c-points
of X. If C;=C,, if either s,=s, or there exists a chain v, 7o, . . ., 7, of 2-simplexes
Joining s; and s, such that f(c,) is a vertex of 7, for each i and v, N 7., is not a face
of a simplex of C, for any i, and if f(C) and g(C) are combinatorially joined, then g
is isotopic to either p or p'.

Proof. By Theorem 13, there is a p, such that g is isotopic to either p, or p;.
It is clear that p(C) and p,(C) are combinatorially joined. Therefore p, is isotopic
to either p or p’, and hence g is isotopic to either p or p’.

THEOREM 18. If f: C— X is an imbedding and f(c,) is an interior point of a
1-simplex s of X, then there exists a unique collection D, consisting of two 2-simplexes
of X which contain s as a face such that (1) f(C—r) intersects the interior of every
simplex in D, and (2) there exists a neighborhood U of f(c,) such that if = is a simplex
which is not a face of a simplex of Dy, then f(C—r) N int(v) N U= @. Moreover
there is a point t; in r (t;#c,) and a 2-simplex v € X —C, such that

Slcos t]—{co}) < int(7).

The proof is essentially the same as the proof of Theorem 10 and hence it is
omitted.
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Notation. If = is the 2-simplex such that f([co, ¢;]—{co}) <int(7), let s; denote the
line segment in = from f(c,) to the vertex of = which is not a vertex of s.

Note. Since f(c,) is a c-point of a subdivision of X, we can obviously define
imbeddings p and p’ just as before so that p(c,)=p’(co)=f(co) and show that fis
isotopic to either p or p’ but not both.

THEOREM 19. Suppose f, g: C — X are imbeddings such that f(c,) and g(c,) are
interior points of 1-simplexes s, and s, respectively (s, #s,). Then f is isotopic to g
if and only if there exist imbeddings h,k: C — X such that h(c,) and k(c,) are
c-points, f is isotopic to h, g is isotopic to k, and h is isotopic to k.

Proof. Suppose F: CxI— X is an isotopy such that F(w, 0)=f(w) and F(w, 1)
=g(w) for all we C. Suppose that F(c,, t) is not a c-point of X for any te I. If
t,=lub{t | F(co, t) € 5,}, then' F is not continuous at (co, #,).

If the condition is satisfied, then f is isotopic to g because isotopy is an equiva-
lence relation.

THEOREM 20. Suppose f: C — X is an imbedding such that f(c,) is an interior
point of a 1-simplex s of X. Then there exists an imbedding g: C — X such that
g(co) is a c-point of X and f is isotopic to g if and only if there exists a vertex v of s,
2-simplexes 7y, 7, . .., T, of X, and a 1-simplex s, of X such that:

(1) v, 7y, 73, ..., T, and s, satisfy Definition 1,

2 U{r|reDj< Uiy 7, and

(3) either s, and s; are in the same 2-simplex or there exists a chain 7y, 75, . . ., 74
of 2-simplexes such that s, <1, 5, < 14, v is a vertex of 7 for each j, and v; N 7},
is a 1-simplex which is not a face of =, for any i.

Proof. Suppose there exists an imbedding g: C — X such that g(c,) is a c-point
of X and fis isotopic to g. Let F: CxI— X be an isotopy such that F(w, 0)= f(w)
and F(w, 1)=g(w) for all we C. Let t,=glb{te I | F(c,, t) is a vertex of s}. Then
F(co, t;) is a vertex v of s, and it is clear that the imbedding f; : C — X defined by
S, (w)=F(w, t,) gives us a collection of simplexes satisfying the condition.

Suppose the condition is satisfied. By the note preceding Theorem 19, there is a
p such that fis isotopic if either p or p'. It is clear that p, and hence p’, is isotopic to
an imbedding g: C — X such that g(c) is a c-point of X.

THEOREM 21. Let s be a 1-simplex of X which does not have a c-point as vertex
but which is a face of at least three 2-simplexes. If n is the number of 2-simplexes
which have s as a face, then {f: C — X | f is an imbedding and f(c,) is an interior
point of s} consists of 6C(n, 3) isotopy classes.

Proof. It is clear that if either D,# D, or f([c,, ¢,]) and g([co, ¢,]) are in different
simplexes, then f'is not isotopic to g. Thus the theorem follows since there exists p
such that if D,=D, and f([c,, ¢;]) and p(r) are in the same simplex, then f is
isotopic to either p or p’ but not both.
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Summary. Now it follows that in order to compute the number of isotopy
classes of imbeddings of C in X it is sufficient to consider only the c-points and the
1-simplexes which do not have a c-point as vertex but which are faces of at least
three 2-simplexes. Let x;, X3, . . ., X, denote the c-points of X, and let sy, 55, ..., 5,
denote the 1-simplexes which do not have a c-point as vertex but which are faces
of at least three 2-simplexes. For each i=1,2,...,m, let C;;, C, . . ., C, be the
collections of 2-simplexes having x, as a vertex and satisfying Definition 1. Suppose
1=i<m and 1<k =g, For each 2-simplex = such that x; is a vertex of r and the
1-faces of = which have x; as a vertex are faces of simplexes of Cj,, choose a line
segment in = from x; to the barycenter of the 1-face of = opposite x;, and let sy,
Sikas - - -» Sikay, denote this collection of line segments together with all 1-simplexes
having x; as a vertex which are not faces of simplexes of Cj;. Corresponding
to (Cy1, $111), there are 2 isotopy classes of imbeddings of C in X. Corresponding
to (Cyy, 5112), there are 2 isotopy classes of imbeddings of C in X. We examine
these to see if either is one of the 2 classes previously obtained. We will either get
2 new classes or no new classes. We continue this process. For each (Cy, Sis),
i=1,2,...,m; k=1,2,...,q;; B=1,2,..., ey, there are 2 isotopy classes of
imbeddings of C in X. They are either both new or neither is new. Let y, be the
number of distinct isotopy classes of imbeddings of C in X obtained from (C,,,
Siwep)y k=1,2,...,q:; B=1,2,..., 0. For each i=2,3,...,m, let v, be the
number of distinct isotopy classes of imbeddings of C in X obtained from
(Ciks Sixp), k=1,2,...,q; B=1,2,..., oy, which are different from those ob-
tained from (Cy, Sarg), a=1,2,...,i—1; k=1,2,...,q.; B=1,2,..., ag. For
each j=1,2,..., n, let n; be the number of 2-simplexes which have s, as a face.
Then the number of isotopy classes of imbeddings of C in X is

D %n+6 i C(n,, 3).
i=1 i=1
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